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Abstract 

We present a modification of the BC-method in the inverse hyper- 
bolic problems. The main novelty is the study of the restrictions of 
^ ■ the solutions to the characteristic surfaces instead of the fixed time 

CN| \ hyperplanes. The main result is that the time-dependent Dirichlet- 

*^ | to-Neumann operator prescribed on a part of the boundary uniquely 

■ determines the coefficients of the self-adjoint hyperbolic operator up to 

a diffeomorphism and a gauge transformation. In this paper we prove 
the crucial local step. The global step of the proof will be presented 
in the forthcoming paper. 



in 
o 



1 Introduction. 



Consider a hyperbolic equation of the form 

L " = (-*£; + A ' (x) ) v^'w (-^ + « 

(1.1) +V(x)u = 

in Q x (0,To), where Q is a smooth bounded domain in R n , all coefficients 
in p. 1)1 are C°°(Q) functions, \\g J (or) 1 1 1 is the metric tensor in Q, g(x) = 
det Hfl^ll -1 . We assume that 

(1.2) u(x, 0) = u t (x, 0) = in fi, u |an x (o,T ) = fix, t). 
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We shall study the inverse boundary problem with boundary data given 
on the part of the boundary. Let T be an open subset of dQ ( in particular, 
Tq = dQ ) and let the D-to-N (Dirichlet-to-Neumann) operator 



;i.3) A/= £ gi\x) (^- + iA 3 {x)v\ v k ( £ . 

j,k=l ^ ' \p,r=l 
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g pr (x)u p u r l |r x(o,T ) 



be given for all / with the supports in T x (0, T ]. Here v = (ui, u n ) is the 
unit exterior normal to dQ with respect to the Euclidian metric. If F(x) = 
is the equation of dQ in some neighborhood then ()1.3|) has the following form 
in this neighborhood: 
(1.4) 



x)F Xp F Xr | F(x)=0,0<t<T 



n (fill \ ( - 

j,k=l 3 / \p ir >=i 

Let 

(1.5) y = y(z) 

be a C°° diffeomorphism of Q onto f2 such that r C dQ , the Jacobian 
det ^| 7^ in f2 and 



^1.6) y = x on r 



0- 



If we change variables y = y(x) in (jl.lj) we get an equation in fl of the same 
form as (jl.lj) : 



d 2 v 
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i.7) +v (0) (f)«(y,*) = o, 



where v(y(x),t) = u(x,t), 



ll#(y(^)ll=(^) 11^)11 



;i.9) = det H^ir 1 , F (( %(x)) = V(x) 
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and 

(1.10) y*(A^)=A, 
where 

n n 

(l.n) A = J2 A ^)dxj, A^ = Y,^f\y)dy r 

3=1 3=1 

The D-to-N operator A^ ^ corresponding to ()1.7|) has the form 
(1.12) 

a (0) / = £ gi k {y) {^: + iA f ) (y>) * [it, €(v>P"rJ ' |rox ( o,T 0) , 

where v(y,t) |r x(o,T ) = f(y,t) since ()1.5|) is the identity on r . 
It follows from (JO)) and (JO)]) that 

(1.13) A (0) / = A/, V/, supp/cr x(0,T ]. 

Denote by Go(Q) the group of C°°(fl) functions such that c(x) / on 
f2 and c(x) = 1 on r . We say that A(x) = (Ai(x), A n (x)) and = 
(A^\x), An (x)) are gauge equivalent in f2 if there exists c{x) G G (fi) 
such that 

A^(x) = AAx) - ic~\x)^-, l<j<n. 

J OXj 

If u^(x, t) = c~ 1 (x)u(x, t) where u(x, t) is the solution of (jl.lj) then L^u^ = 
where is the same as L with A(x) replaced by A^'(x). We shall write 
for the brevity that c o 
Denote 

T* = supd(a;,ro), 

sen 

where d(x, T ) is the distance in Q with respect to metric tensor Us^H -1 from 

x g n to r . 

Theorem 1.1. Suppose T > 2T* and L and L are operators of the form 
M-l\) and fli. 7| ) in Vt and f2 respectively, where Aj(x), V(x) and A^\ are 
real valued, 1 < j < n. Let A be the D-to-N operator corresponding to M.l\) . 
If A^ is the D-to-N corresponding to \1. 7| ) and A = on T x (0, T ) then 
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there exists a diffeomorphism hl.ty) and a gauge transformation c(x) G Gq(Q) 
such that 



The first result in this direction was obtained in [I] . The most general re- 
sults were obtained by the BC- method (see [Bl], [B2], [K], [KK] and [KKL]). 

An important class of inverse problems with the data given on a part of 
the boundary is the inverse problems in domains with obstacles. In this case 
Q is a ball Br with removed subdomains ...,Q m , called obstacles. The 
D-to-N operator A is given on 8Br x (0, T ) and the zero Dirichlet boundary 
conditions are satisfied on dQj x (0,T ), j = l,...,m. In [El] such inverse 
problems were considered in the connection with the Aharonov-Bohm effect 
assuming that Br contains one or several convex obstacles. 

In the present paper we developed a modification of the BC-method. 
The main novelty is the study of the restrictions of the solutions to the 
characteristic surface instead of the restrictions to the hyperplane t = const 
as in BC-method. The proof of Theorem 11.11 consists of two steps. In the 
first step we prove that knowing A in the neighborhood of V x (0, T), where 
T C r , < T < T , one can recover the coefficients of the equation (jl.lj) in 
some neighborhood of T up to a diffeomorphism and a gauge transformation. 
This will be done in §2. In §3 we prove some lemmas used in §2. The global 
step of the proof of Theorem 11.11 will be given in the forthcoming paper. A 
generalization to the case of Yang-Mills potentials is considered in [E4]. 



Let T be an open subset of r and let Uo be a neighborhood of T. Let (x 1 , x n ) 
be a system of coordinates in Uq such that the equation of r is x n = and 
x' = (xi, are coordinates on T PI Uq. 

We introduce semi-geodesic coordinates for L. Denote by (p n (x) the so- 
lution of the equation (c.f. [E3]) 



coy 



1 o L<°) = L. 



2 The local step. 



(2.1) 
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Also denote by ip p (x), 1 < p < n — 1, the solutions of the equations 
(2.2) 



i,fc=i 

(p p (x ! , 0) = Xp, 1 < p < n — 1. 

We have that y = (p(x) = (ipi(x), <p n { x )) exists for < x n < S when 5 is 
small and the Jacobian 



J(x) 



Vx 



^ in T x [0,8]. 



Note that <p(x', 0) = x' . Changing variables y = f(x) in (jl.l)) we get 

Lu = 0, 

where u(y,t) = u(x,t) and 
(2.3) 



L 



dt 2 



(2.4) 



^(^)) = £ r^ww* ^) = det "* 



p,r=l 



t>(y?(x)) = V{x) 



and 



a^-(x) 



A fc (x) =Y^A j {ip{x))- . 
i=i fe 
It follows from ([2~T|l . (Q that 

(2.5) ^ nn (?/) = l, ^=^" = 0, l<j<n-l. 

Let 

i - ^ -i<V<7 i9 VJ , . ■ . 

— — = — j^, 1 < j < n. 



(2.6) 
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Then we can rewrite (|2.3|) in the form 

d 2 u ( d \ 2 
(2.7) Lu = — + {-i— + A n (y) + A' n (y)j u 

+ E (-^ + k i + 4(2/)) 9 jk ("^ + ^ + 4) + VMu = 0, 



where 

n-l 



(2.8) ^ = {A> n f +^+E (^' fc 4^ + ^^JJ + n*)- 

Note that -u(y, 0) = ii t (y,0) = 0, w|rx(o,T) = f(y',t) since (^(a^O) = x'. 
Denote by A the D-to-N operator corresponding to L. We have 

(2.9) A/ = ^(V'^t) + iAn(y ,^ ynWj yw t) \ | rx(oTo) 
Note that 

(2.10) A/ = A/ on Tx (0,T ), 

where supp / cTx (0,T ). It will be shown in Remark 2.2 that the D-to- 
N operator A on T x (0, To) determines the restriction of the metric tensor 
1 to T and, in particular, 



(2.11) g(y',0) and -^-(y',0). 

oy n 

Make the transformation u = {g{y' ', y n ))~^u'. Then L'u' = in UqX (0, To) 
where V is similar to ()2.7|) with Aj + Aj replaced by Aj, 1 < j < n. Denote 
by A' the D-to-N operator corresponding to L', i.e. 

f du' " A 1 

(2.12) A'f = i — + iA n v! \ |rx(o,T) where / = u \tx(o,t) 

We have 
(2.13) 

A7'= (^ + ^») ((^)^) |rx(o,T) =^(^0)A/ + ^^W,0,t). 



It follows from (|2.11|) that A determines A' on T x (0,T ). 

Let ^ e C°°(Z7o), ^(2/',0) = 0. Then c{y',y^ = G G (Z7o). We say 
that Af\y) and Aj(y) are gauge equivalent in Uq if 



(2.14) Af^i^ + I^ in U , l<j<n. 

dy 3 



We shall choose ip(y) such that = 0. Denote u' = e % ^U\. Then u\ 
satisfies the equation 

L\U\ = 0, 

where 

(2.15) LA ^ ^ 



^ 2 dyl 



j,k=i 

i.e. is obtained from L' by replacing Aj by . Note that the D-to-N 
operator A^ corresponding to L\ has the form: 



(2.16) A (1) / 



since A^ 1 = 0. Note that 



dy n 



\y n =0, 0<t<T 



(2.17) A«/ = A'f, 

where A' is the D-to-N corresponding to V . Denote by L* the formally 
adjoint operator to L\. Then L\ has the same form as (|2~T5l with Af\v x 

replaced by Aj, V\. Let a! 1 -* be the D-to-N operator corresponding to L\. 

Note that determines A*. Indeed let A^* be the adjoint operator to 
A^. Then A* / is obtained from A^ 1 -** by changing t to T — t and f(y', t) to 
f(y',T — t) (c.f. [KL1]). Note that L\ is self-adjoint if L is self-adjoint. In 
this case a! 1} = AW. 

Denote A lso = T x (s ,T\, where < s < T. Let D(A lso ) be the 
forward domain of influence of Ai So in the half-space y n > 0. Denote = 
{y 1 : (y',y n ,t) e D(A w ),y n = 0,t = T} and A 2so = r« x (s ,T]. Let 
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/}(A 2so ) be the domain of influence of A 2so in y n > 0. Denote by Yj S0 the 
intersection of D(Aj S0 ) with the plane T — t — y n = and by Xj so the part 
of D(A jS0 ) below y iso ,j = 1,2. Let Z jso = dX jso \ (Y jso U {y n = 0}). Also 
denote 7j So = 9Y^ S0 n {y n = 0}, 1 < j ' < 2. Note that 710 = r^. Denote 
by R SQ the following subset of Y 2so : {(s, y') : Sq < s < T,y' E T^}, s = 
t — y n ,T — y n — t = 0. We shall choose T such that _D(A 2 o) does not intersect 
dfl x [0, T] when y n > 0. We also assume that the semigeodesic coordinates 
are defined in D(A 20 ) for t < T and that D(A 20 ) n {y n = 0} C T x [0,T] 
for t < T. 

The main result of this section is the following lemma: 

Lemma 2.1. Let L\ be self-adjoint. Then the D-to-N operator A*- 1 ) on A 20 
determines all coefficients of L\ (see ) in Vt = Tx [0, |-]. 

For the most part of the proof of Lemma 12.11 we will not need Li to be 
self-adjoint. We shall use the self-adjointness only in the proof of Lemma 
I2~l 

Consider the identity 

(2.18) o = (L 1 A 1 ,^) + (^,L^ 1 ), 

where 



(2.19) (u,v) = / u(y,t)v(y,t)dydt, 

L\ is the same as in (|2.15|) . Ui(y', 0, t) = f(y',t), vi(y',0,t) = g(y',t), u = 
u t = v = v t = for t = 0,y n > 0,LiUi = 0, L\vi = 0, supp f(y',t) C 
A 20 , supp g(y',t) C A 20 . We have: 

f d 

(uutvit + ui t vut)dydt = / —{ui t v u )dydt 
x 20 Jx 20 at 



(2.20) = / uuvitdy- / u lt v lt dy 

J Y20 J Z20 

Since u\ and v\ have zero Cauchy data for t = 0, y n > 0, we get that iii, V\ 
are equal to zero on Z 20 . Integrating by parts in y n we obtain: 



(u ly 2v lt + u lt v ly 2)dy'dy n dt= / {u Xyn v lynt + u lynt v lyn )dy' dy n dt 

X-2Q J X20 



(2.21) - / {u lyn v lt + uuviyjdy'dt + / {u lyn v lt + u u v lyn )dy'dt. 
JY20 
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Note that 



a , a ^_ 9.. _ 



Analogously, integrating by parts in y' = (yx, y n -\) we get 

' n-l 



(2.22) 



^20 



5 



" "■1-^ + 4" ]«.-■, 



efo/<it + / ViUi t v\dydt + / ViUiv u dydt 
X20 J ^20 



Let 



(2.23) 



t — y n = s, T — t — y n = r, 



i.e. y n = 2^=2, t = ^x±£. Note that 



2 ' 



1 



and that r = on y 2 o- Combining (l2~2Ul) . (f2~2"Tl). (jQl) we get 

(2.24) = (Za«i, u lt ) + (u lt , L^i) = Q(&i,t>i) - A„(/, 2), 

where 

(2.25) Q(ui,vi) = 



5 



dy'ds, 



(2.26) 



AoCf,<?) 



wij/„«it + u lt v lyn dy'dt 



a 20 



Note that Mit| A20 = /*, ^|a 20 = 0it> «12/Ja 20 = A(1) /, v lyn \ A20 = A^g, 
where A^ 1 ) is the D-to-N operator on A 2 o- 
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Therefore A (f,g) is known for all /, g in Hq(A 2 o) if we know A^. Here 
HQ(Aj S0 ) is the closure in if^A^) of smooth functions equal to zero on 
dA jS0 \{t = T}, 0<s <T, j = 1,2. 

For the convenience we shall often use the notation , v 9 where L\u^ = 
and L\v g = in X20 to emphasize the dependence of u* and v 9 on / and g 
respectively. Note that Q(u\, v-\) is a bounded nonsymmetric bilinear form 
on i^Q(y 20 ) where Hl(Yj S0 ) consists of functions in if 1 (l^ so ) equal to zero on 
3Y jS0 \ {t = T}, < s < T, 1 < j < 2. 

Note that for T small we have for any u\ G Hq{Y 2 q) 

(2.27) »Q(ui,«i)>C||«i||?, 
where || ||i is the norm in i/ 1 (y 20 ). Also we have 

(2.28) IWi,vi)| = |Ao(/^)l<C|l/lliNli s 

where || ||i is the norm in H 1 (A2o). 

Note that on the plane r = we have T x [so,T] C Yi so C R SQ C Y"2s 
where R so = x [s ,T]. 

Lemma 2.2. For any w G Hq(R S0 ) C ^(Y^o) ^ere exists a sequence 
{ii?™}, f n G //q(A 2so ) £/iai converges to w in Hq(Y 2so ). 

We shall postpone the proof of Lemma [2.21 until the section 3. 
Let the span of Uj, j > 1, be dense in Hq(Y 2so ). 

Lemma 2.3. (c.f. [GUT]) For any u G Hq{Y 2 q) there exists u G Hq(Y2 S0 ) 
such that Q(uq,v') = Q(u,v'), W G Hq(Y 2so ). 

Proof: Take = Ylf=i c jNUj and determine CjN from the linear system 



(2.29) Q(u {N) , u k ) = Q(u, u fe ), 1 < k < N, 



i.e. 

N 



(2.30) y]cj N Q(uj,u k ) = Q(u,u k ), 1 < k < N. 
3=1 

Multiplying ()2.29|) by cjTj^ and adding, we get that 

(2.31) Q(u iN \u^) = Q(u,u w ). 
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Therefore 

Cih (JV) ||? < &Q(«W < CHWIuWIIl 

Therefore system (12.29)) has a unique solution and < C 2 ||w||i for all 

N. Since the sequence ||w^||i is bounded it is weakly compact in Hq(Y 2so ). 
Therefore there exists a subsequence u^ Nk > such that u^ Nk ^ — > u E Hl(Y 2to ) 
weakly when N*. — ► oo. Passing to the limit in ()2.29|) we get 

(2.32) Q(u Q ,u k ) = Q(u,u k ), Wk. 

We used that Q is continuous bilinear form in Hq(Y2 Sq ). Since the span 
of {uk\ is dense we get Q(u ,v') = Q(u,v'), W G Hq(Y 2sq ). Note that 
any subsequence of {u^} has a subsequence that converges to u since 
(|2.27|) implies that there is a unique u satisfying ()2.32j) . Therefore the whole 
sequence u^ N ' converges weakly to u . Note that v,( N ' converges also strongly 
in Hq(Y 2so ) to u Q since 

Q(u -uW,Uo-uW) = Q(uo,Uo)-Q(uo,uW)-Q(u( N \u )+Q(u( N \uW). 

Since Q(u^ N \ u^ N ') = Q(u,u^) and Q(uq,uo) = Q(u, u ) we get thatQ(M — 
#',it - m (7V) ) -> when iV -> oo. □ 

Note that Lemma l2~3l remains true when <3(ti, u ') is replaced by any linear 
continuous functional $(i/) on Hq(Y 2sq ). 

Applying the Green's formula in X 2 q we get, similarily to ()2.24j) : 

(2.33) = / (Lxuv - uLfv)dydt 

J X'20 



(u s v - uv s )dsdy' - J (u Vn v - uv yn )dy'dt. 
We used in (12.33)) that u = v = on Z 20 . Integrating by parts we get 
(2.34) - / uW s dsdy' =- u(y', 0, T)v{y',0,T)dy' + / u s vdsdy' . 

J Von J "1-20 J Y20 



Let 



(2.35) A(u,v) = 2 u s vdsdy'. 

Jy 20 

Since u(y',0,T) = f(y',T) and v(y',0,T) = g(y',T) we get from ()2.33|) and 
fl2.34|l that A(u, v) is determined by the boundary data. 
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Fix f,g in Hq(A 1q ) and smooth. Let s G [0,T) be arbitrary. We shall 
show that there exists a unique u G Hq(R sq ) such that 

(2.36) A(u ,v')=A(uf,v>), WeH^(Y 2so ). 

Note that Y w fl {s > s } C R So . Denote by w(s,y') a function equal to 
uf\ s=So in R SQ and and equal to zero in Y 2so \ R SQ . Then ^ = in Y 2so , u = 

u f -w G H*(R S0 ) and ^ = |f in K 2so . Therefore (Pp holds - 

We shall show that A(u Q ,v 9 ) is uniquely determined by the D-to-N oper- 
ator. 

Lemma 2.4. Let i = 1,2, be two formally self-adjoint operators in 
X^g, i = 1,2, such that the corresponding D-to-N operators A±\ i = 1,2, 
are equal on A 2so ■ Then 

Ci\\ 

' 2sq ' 2sq 3 2sq 

for allf£H^A 2so ). 

Here Lfu{ = in X$j. 

We shall show first that A^J, = A^. Denote by A w (0,T) the intersec- 
tion of the domain of influence D(A\o) of L± with y n = 0,i = 1,2. Note 

that A^(0,T) = (U/supp u{) R {y„ = 0} where the union is taken over 
all / G #o(A 10 ). Denote AW = (T X [0,7]) U G< where G< is the closure 
of the union over all / G Hq(A w ) of supp A^>f,i = 1,2. It is clear that 
AW c AW(0, T),i = 1,2. The inclusion A«(0,T) C A^ follows from the 
local uniqueness of the Cauchy problem (see [T]). Since 

A (D = A (2) 

we have 

A (i) = A( 2 ). Therefore A«(0,T) = A^(0,T). In particular, rf } = and 
therefore A^ = A^ . Now we shall proceed with the proof of Lemma 12.41 
Consider the identity ()2.24|) for L± and respectively assuming thet 
(L?)* = L? and u{ = v{, 1 = 1,2. Since A^tfJ) = a£ 2) (/,/) we have 
that QW (u{,u{) = Q^{u(,u f 2 ) where the quadratic form corresponds 
to L±. Since T is small Q^(u{ ,u[) is equivalent to \\u{\\ 2 (i) ■ □ 

We shall show that Lemma [2.41 implies that 

(2.37) A^\u { i\vl) = A^\u { i ) y 2 ) 

where A® and correspond to L\ , i = 1,2. It follows from ()2.33|) . ()2.34|) 
that AU(u{\v() = A^(u(,v() for any /' G Hl(A 2so ), g' G H^(A 20 ). 
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By Lemma l2~2l there exists a sequence /„ G Hq(A 2so ) such that \\uq — 
vW ~^ when n — > oo. By Lemma ITU the sequence fiio" } is also 


convergent in ^(K^) to some G i^oO^*)- Since A^(u{ , if) are 
continuous functional on Hq(Y 2 ^ o ), i = 1, 2, we get passing to the limit that 

(2.38) A«(4Vi')=^ (2 VVi')- 

In (gHHD is arbitrary in H^(A 20 ). Take G flJ(Ajj, ). Then (12~3T)|) implies 
that 

(2.39) A^\u ( i\vi) = A^\u ( Z\v(). 

Compairing (I2~3%1) and (I2~3HD we get AW(u { q\ v() = AW(w<®, v(). By 

Lemma E21 {^f #o(A2s ) are dense in Hq(R Sq ). Therefore -Up 2 "* = 

in i? So . We assume that v 9 G //g(Yio). Since Y w fl {s > so} C i?<( we get 
that A^(w (2 \v 9 ) = A^(u£\v 9 ). Therefore (j2~5Tj) holds, i.e. A{u ,v 9 ) is 
uniquely determined by the D-to-N operator. 

Remark 2.1 In this remark we shall show that in the self-adjoint case 
A(uq,v 9 ) can be recovered constructively from the boundary data. For any 
e > Q s (uf .v 9 ) = eQ(u-f ,v 9 ) + A(u^,v 9 ) is determined by the D-to-N op- 
erator. Let gj, j > 1 be a dense set in Hq(A 2sq ). Denote by H the closure 
of the span of in H^(Y 2so ). Since UA(v',v') > (see (l2~3o]) ) we get 

that UQ £ {v',v') > Ce\\v'\\\ for any v' G H^(Y 2so ). It follows from (I2~3U1) with 
<5 replaced by Q £ , Uj replacedby v 9i and CjN replaced by CjN £ that CjNe are 
determined by the D-to-N operator. Repeating the proof of Lemma 12.31 we 
get that u £ = Yl!j=i c jNe v9j converges in Hq(Y 2so ) to u £ G H such that 
Q £ (u £ ,v') = Q £ (uf,v'), W G H. Since Q £ (u £ N \v 9 ) is determined by the D- 
to-N operator the limit Q £ (u £ ,v 9 ) = lim^v^oo Q e ( u e N \ v 9 ) is also determined 
by the D-to-N operator. Here v 9 G Hq(Y w ). Denote w £ = u £ — u , where u 
is the same as in ()2.36j) . u G Hq(R Sq ). We have, using (|2.3fij) . that 

eQ(w £ , v') + A(w £ , v') = eQivJ - u , v'). 

Take v' = w £ . Then 

C£|KHi<C£||^-u ||ilKlli. 
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Therefore ||w e ||i < C\\u^ — ito||i for all e. As in the proof of Lemma [2.31 we 
get that a sequence w £k converges weakly in H to some w G H and (w s , v') = 
W G H. Since H D Hq(R sq ) we get that w = in i? so . Since i? so D 
^io H {s > s } we have that (w s ,v 9 ) = 0. Therefore Q £ (u £ ,v 9 ) — ► A(M ,t> 9 ). 
Since this is true for any sequence we have A(u ,v 9 ) = lim £ ^ Q £ (u E , v 9 ), 
i.e. A(u ,v 9 ) is determined by the D-to-N operator on A 2 o- □ 
Denote 

Ai(u f , v 9 ) = A(u f , v 9 ) - A(u , v 9 ). 
Then Ai(u-f,v 9 ) is also determined by the D-to-N operator and 



r f) v f 

(2.40) A 1 (u f ,v 9 ) = 2 ^adsdy', 

JYion{s<s } " s 



since u{ — u 0s = when s > s , u = when s < s . 

Now we shall construct a geometric optics solution u{y) of L\U = such 
that u(y, 0) = iit(y, 0) = for y n > and substitute it in ()2.4()j) to recover 
v 9 . We are looking for u in the form: 

(2.41) u = u N + u {N+1 \ 

where 



N 

O ik(s—so) 



Substituting -u in Z^m = (—4^^ + L[)u = we get the transport equations 
for a p : 

da da p 

— = 0, 4— = LiOp_i, p>l. 

Choose a (s,y') = Xi(s)x2(2/')> where Xi(«) e Co°( Rl ), = 1 for I s - 

s | < 5, Xi(s) = for \s - s | > 25, X 2{y') = ^tXo(^), Xo(j/') e 
^(R"- 1 ), X o(j/') = O^for |y'| > 5, Xo(y')<V = 1, <Hs small, ^ G T. 

We define a v —\ J^_ s (Lia p ^i)dr' , 1 < p < AT, and as the solution 

of 

u (*+i) = u (iv+i) = when f = Q) 
M ( JV+1 ) = when y n = 0. 
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Note that supp is contained in a small neighborhood of the line {s = 
So,y' = y' }- T herefo re sup p (u N + w (/m) ) n {y n = 0} C Ai . 

Substitute (|2.41|) into (|2.40|) . Note that the principal term in k has the 
form 

ik [ e ik ^\ l {s) X 2{y')^W^d y 'ds 1 

J S<SQ 

where v 9 (y', s) is v 9 (y', s, r) for r = 0. Integrating by parts in s and taking 
the limit when k — » oo we get that the boundary data determine 



(2-42) / X 2(y')v9(y',s )dy'. 



R" 



Taking limit in (|2.42j) when e^Owe can recover v 9 (y' , s ), y' 6 T, < 
so < T, t = 0. Changing T to T — r', < r' < T, we can analogously 
recover v 9 (y',y n ,t) for y' G T, < y n < -j, y n < t < T — y n . In particular 
we determine i) 9 (y,t) and its time derivatives for i = ? and y G Pt where 

p ? = rx[o,f]. 

It is known (see [Bl]) that v 9 (y, f ), 5 G C£°(A 10 ) are dense in H m (Vx) 
for any m > 0. Since Lii> 9 = we have 

(-3) ^, f )-^-E^)^ 

i=i yj 

where 1 < j < n — 1, C depend on g jh , Af\ Vy (see (2.15)). 

Fix any y = y G T>t and let i = ^. We can consider ()2.43|) as a linear 

system with unknowns g 3 (yo), Bj(y ), C(yo), g G C£°(Aio) is arbitrary. If 
the rank of (|2.43|) is not maximal then there exist constants ocjj., aj, ao, = 
a^j, not all equal to zero, such that 

for all v 9 (y,t), g G C^°(A 10 ). Then we have a contradiction since {v 9 } 
are dense in Hq(T>t), N > ~ + 2. Therefore the system ()2.43j) has the 
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maximal rank and g^ k (yo), Bj (y ), C(y ) are uniquely determined by (|2.43|) . 
In particular, we recover Hg^^o)!! i n ^z- Knowing the metric and Bj(y ) 

we recover A^\yo), 1 < j < n — 1. Finally knowing gi h ,Aj and C(yo) in 
T>t we can recover V(yo). Lemma f2. II is proven. □ 
Remark 2.2 We shall show that the D-to-N operator on A20 determines 
the metric tensor and (|2.11|) on A 20 . Consider the cotangent space T * of A 20 . 
Let £0 be the dual variable to the time variable t. Therefore the points of T * 
have the form (y',t,^',^ ). The region T% C T * where |£ | < ^IC'Ij 6 is small, 
is a part of the "elliptic" region of T * (see, for example, [H] or [E2]) where 
microlocally L behaves as an elliptic operator. Therefore in the region Tjj 
we can find the parametrix for the D-to-N operator A as in the elliptic case 
(see, for example, [LU] or [E5], pp 54-55). Therefore we can recover the full 
symbol of A in T|, in particular, the principal symbol of A in semigeodesic 
coordinates: 

tn-l 
j,k=i 

It follows from [LU], formula (1.8), (see also [E5]), that one can recover 
9y„(y',o) n 
g(y',o) ■ u 




3 The conclusion of the proof of Lemma 12. 1L 

We shall start with the proof of Lemma 12.21 We shall show first that it is 

o 

enough to prove that the set {u?} where / G Cq°(A 2so ) is dense in H 1 (R So ) 

o o 

where H 1 (Y 2so ) is the closure of C^(Y 2so ) in the H 1 (Y 2so ) norm and H 1 (R so ) 
is defined analogously. Suppose there exists v G Hq(R Sq ) that does not belong 
to the closure H of {v*}, g G Hq(A 2so )- Then there exists w G Hq(Y 2sq ) such 
that (w,uf)i = 0, V/ G i?o(A 2so ), and (w,v)i = 1, where (v,w)i is the inner 
product in H 1 {Y 2 s )- 

Take any u\ G C£°(R SQ ). Since by the assumption {n?}, f G C^°(A 2so ) 

o 

are dense in H l (R SQ ) we get that (w,u\) = 0. Integrating by parts we 
get J R (—Aw + w)llidyds = 0. Since u% G C^°(R So ) is arbitrary we get 

— Aw + w = in R so . Fix y x G T^and consider / G H\ (A 2so ) having support 
in {\y f — yi\ < e} x (T — s, T], where e > is small. Then supp w C R So . 
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Again integrating by parts we get 

= (w,u-f)i= / (—Aw + w)ufdy'ds 



<}W uf(y',T)dy'= [ ^uf(y\T)dy>. 



'rM ds ' 7 r (i) 5s 

Since = f(y', T) when t = T and /(?/, T) can be chosen arbitrary near 
yi we get that |jj = for t = T, |y' — y x \ < e. Analogously we can prove 
that | = 0on rW x {t = T}. Then (w,v) 1 = f (-Aw + w)vdsdy' + 

JrW iffidy' = and this contradicts the assumption that (w, u)i = 1. □ 
To complete the proof of Lemma 12.21 we need two more lemmas. 
Denote by Aj a domain in R n+1 bounded by three planes: T 2 = {r = 

T - t - y n = 0, < y n < f }, T 3 = {s = t - y n = 0, f < y n < T}, T 4 = 

o 

{t = T, < y n < T}. Let =H 1 (T 4 ) x L 2 (r 4 ) and let Hi be the space 
of pairs {<p,ifj}, ip G H 1 (T 2 ), ip G i^ 1 (r 3 ), </? = when t = T, if) = when 

y n = T, if = if; when i = f , with the norm (||^||ir 2 + H^lli^s) 2 • We shall 
consider functions with compact support in y' G R™ -1 . 

Lemma 3.1. For any {v ,Vi} G TCi there exist {w ,Wi} G TC and u G 
if 1 (Ai) such that L\u = in Ai, w|r 2 = t>o, w|r 3 = fij u\r 4 = u>o, % |r 4 = 

Proof: For any smooth u, v with compact supports in y 1 such that L\u = 
0, L\v = in Ai we have 

(3.1) = (ut, L\v) + (Liu, v t ) = E(u, v) - Q(u, v) - Q x (u, v), 

where Q(u,v) is similar to (J2.25)) . Qi(u, v) is a bilinear form on T 3 of the 
form (j2.25j) with u s ,W s replaced by u T ,v T , and 



r 4 



n-l 



j,k=l 3 



dy. 



Consider = (Liu,u t ) + (u t ,Liu) in Ai. Integrate by parts as in (|3.1|) . 
When Li is not self-adjoint we get, in addition to Q(u,u), Q\(u,u) and 
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E(u,u), an integral Ei(u,u) over Ai that satisfies the following estimate: 

» n 

(3.2) \E x {u,u)\<C (M 2 + J2\u y .\ 2 + \u\ 2 )dydt. 

Denote by A^/ the domain bounded by T 2 , T 3 and where r 4j T' is the 
plane {£ = T'}, T" G [|-,T]. Let (u, v)a 1t , be the L 2 inner product over 
Ai jT /. Then integrating by parts in = (Liu, u 1 )a 1 t , + (ut, L 1 u)a 1 t , we get, 
analogously to ()3.1|) . ()3.2|) . with Ai replaced by Ait 1 ' 
(3.3) 

IMIo,r 4T , + IMIi,r 4iT , < C(l|M|li,r 2iT , + l|w||f,r 3iT ,+ / (IK||o,r 4 , t + ll«lli I r 4 , t ) d *- 

Here r2,T', ^3,T' are parts of r 2 and r% where t < T' . Since T is small we 
get from ()3.3|) that 

(3.4) max (\\u t \\l T + Hl?^) < C(|M| 2 , r2 + H| 2 r3 ). 

For any w ,Wi G C^°(r 4 ) there exists a smooth solution of the Cauchy 
problem L x u = 0, u(y, T) = w , 8 "^' T ' > = wi in the domain t < T (see, for 
example, [H]). In particular, {^l^""!^} £ Hi. 

We shall show that the image of the map {w ,Wi} — ► {u\r 2 , w|r 3 } where 
{wc'Wi} G are smooth, Liw = 0, is dense in Hi. Suppose there exists 

ip} G Hi such that (v, ip)\ + (i>i, ^)i = 0, V{i>, ui} G Hi, v = u\r 2 , V\ = 
u\r 3 , L\U = 0, u is smooth. 

As in the Lemma 12.31 (see the remark after the end of the proof of 
Lemma l2~5|) one can find {ip ,^ } G Hi such that Q(cp ,v) + Qi(ijJo, v i) = 
(<p,v)i + (ip,v)i for any {v,Vi} G Hi- Therefore Q(<p ,v) + Qi(ipo,Vi) = 
0, W{v,vi}, v = u\t 2 , Vi = u\r 3 , u is smooth, L\u = 0. Here ((p,v)i is the 
inner product in H l (Tj), j = 2,3. 

Extend (p (s,y') by for s > T and extend ipo(r, y') by for r < — T. 

Let 

b(y'iVn,t) = <Po(s,i/) + ipo(r,y') - (p (0,y'). 

Note that ip o {0,y') = ip o {0,y'), b\r 2 =^(p (s,y'), b\r 3 = Tp (T,y'). Let Ai be 
the region r < 0,s > 0. Note that A x Z> A x . Consider L\b = (— 4g|^ + 
{L[)*)b. We have ^ = in A~i and (L[)*b G H -1 in A~i where H p y is the 
Sobolev space of order p in all variables and of order r' in y'. Let / = — L\b 
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in Ai and / = otherwise. Then / G # ,-i(R™ +1 ) and / = for t < f . 
It follows from [E2], for example, that there exists Uq G //i ; _i(R n+1 ) with 
the weight e~ at such that L\uq = f in R n+1 , u = for t < j. Denote 

= b(y',y n ,t)+u . Then L\u^ = in A 1; u(°)| ra = yj , « (0) |r 3 = We 
used that k = on T 3 and T 2 by the finite domain of dependence property 
since u = for t < —. 

Denote -u 10 = u^|t=T, w 20 = ^r- |j=t • Applying Green formula (|3.1j) to 

and v, where v is smooth, L%v = 0, t>|r 4 G C^°(r 4 ) we get 

(3.5) £(w (0) , v) = Q(vP\v) + Qi(n (0) , v) = 0. 

Since u^|f=T an d \t=T are distributions, the pairing in ()3.5|) is under- 
stood as an extension of the L 2 -inner product. Since v\ t =T and % \ t =T are 

arbitrary and smooth we get that u^\ t =T = \t=T — 0. Then by the 
uniqueness of the Cauchy problem (see [H]) we get that = in Aj. In 
particular, u^\r 2 — (fo — 0, u^|r 3 = ^0 = 0. It follows from ()3.4j) that the 
image of the map {u>o, W\} G H — > {w|r 2 ) M lr 3 } G ^i is onto. 

o 

Therefore for any {u'°',«)' '} G 7Yi there exists EH 1 (T4), G 
L 2 (r 4 ) and v G iii(Ai) such that 
(3.6) 

L lV = 0m Ai, v\r 2 =v i0 \ v| r , = u| t=T = | t=T = w (2) . 

Lemma f3. II is proven. □ 
Denote by A 2 the domain bounded by t = T, y n = and t—y n = 0. Note 

that Ai C A 2 . There exists (see, for example, [H]) a unique solution u G 

i7 1 (A 2 ) of L\u = in A 2 with the initial conditions u\t=r = ^ \t=r = 
and the boundary condition u\ Vn= Q = 0. Here and are the same 

as in (|3.6|) . By the uniqueness of the Cauchy problem « = t> in Ai C A 2 , 

where v is the solution obtained in (J3.6J) . 
Therefore we proved the following lemma: 

o o 

Lemma 3.2. For any vq EH 1 (Y20) CH 1 (T 2 ) there exists u G if 1 (X 2 o) siic/i 
that L x u = in X 2 o, -u|y 20 = v , u\ yn=0 = 0. 

Analogous result holds when X 20 is replaced by X 2so and L x is replaced 
by L*. 
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Finally we can finish the proof of Lemma 12.21 Suppose that the set 

o 

H of {u 9 }, g G C^°(A 2so ) is not dense in H 1 (R SQ ). Then there exists 

o 

w eH 1 (Y 2so ) such that (u 9 ,w )i = 0, W, g G C^(A 280 ) and (w Q ,v) = 1 

o o 

for some v Gi/ 1 (R So )- By Lemma [2.31 one can find w Gi? 1 {Y 2so ) such that 
Q(u 9 ,w) = (u 9 ,w )i for all u 9 . By Lemma l3~21 there exists u G H 1 (X 2so ) 
such that = in X 2so , u\ yn =o = 0, u\y 2sq = w. 
Applying the Green's formula ()2.24|) we get 



= Q(u 9 ,w) = - 



du 9 



. f dg du . , 

utdydt- / — ——dydt 
JA 2a „ dt dy n 



a 2 ,o °y 

since u 9 \ Vn= o = g. Since u\ yn= o = we get that 

Since g is arbitrary we get that J^J^- = in A2 So = x (s , There- 
fore § satisfies Ljf = in X 2so , f = = on A 2so . By the unique 
continuation theorem (see [T]) we get that ^ = in the double cone of 
influence of x [s , T). Note that the intersection of this double cone with 
the plane r = is R so . Therefore w = u \ y 2s satisfies the elliptic equation 



(4fi + (L[y)w = on R S0 since & = 0, & = J(4 " it?" " ! ' 




o 

Consider Q(w,v). Note that supp t> Gi? 1 (-R So )- Integrating by parts and 
using that w satisfying the equation 4w ss + (L'^w = in R SQ we get that 
Q(w,v) = and this contradicts the condition that Q(w,v) = 1. Therefore 

o 

is dense in H 1 (R So ). □ 
Let L^'u^' = 0, p = 1,2, be two hyperbolic equations of the form (jl.lj) 
in domains QS P \ p — 1,2, respectively, satisfying the initial-boundary condi- 
tions (fOl. We assume that r C <9fi (1) n d& 2 \ supp / C r x (0,T ] and 
on To x (0, To) where A*- p ^ is the D-to-N operator corresponding 
to L&O, p= 1,2. 

Let 5 C nf^ 2 ) be homeomorphic to a ball and such that the domains 
= fiW = 1, 2, are smooh. Assume that dBndtt^ C T , i = 1, 2, and 

connected. Let 7W = \ To", z = 1, 2. Note that dOi \ 7W = <9ft 2 \ 7 (2) = J 
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We conclude this section with the following lemma that will be important 
in the global step (c.f. [KKL1], Lemma 9): 

Lemma 3.3. Let = in B and let 5 — max^gg d(x, To), where 
d(x, To) is the distance in B from x £ B to T . Let A, be the D-to-N opera- 
tors corresponding to L^' in smaller domains = 1,2. If A^ = A^ on 
T x (0, To) then A x = A 2 on T t x (5, T -5). 

Proof: Let fi be either fiW or fi( 2 ). Denote by fi r = fix (-oo, T), <9fi T = 
<9f2x (— oo, T). Let H^(Qt) be the Sobolev space with norm ||w|| s where u = 
for £ < 0. The proof of Lemma 13.31 will be based on a variant of the Runge 
theorem. 

Lemma 3.4. Denote by Q = Q\B, 7 = dQ \ T . Let u £ H+ +S (Q T ) be the 
solution of 

/ 3 7 n ^ = 0, £ fi T , 

M lan T = /. « = /or t < 5, 

where P has the form il.l}) . f £ H^~ +1 (dCl T ), f = onj T = 7x(— 00, T), f = 
/or t < 5, s < 0. T/ien t/iere exists a sequence of smooth functions u n in 
Qt such that 

(3.8) Pu n = 0, (x,t)£0 T , M„|an T = /n, 

where u n = /or t < 0, f n = on and u n — > it u>/ien n — > 00 m H+(Qt). 

Proof: Let fi e be a smooth domain in R n such that f2 e D fi, <9f2 £ = 7U7 e , 
and r is inside of Q e . 

The following existence and uniquenesss lemma is well known (see, for 
example, [E2]). 

Lemma 3.5. For any h £ H+(Qt) and f £ H^ +1 (8Qt): s > 0, there exists 
a unique u £ H^ +s (Qt) such that 

Pu = h in Q T , u\qq t = f. 
Moreover, |^ \ 9 q t £ TT+(dfi T ) and 

811 

\\u\\ x + a +\\ — \\ s <C\\f\\ s+x + C\\h\\ s . 
When h = the same result is true for any s £ R. 
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The last statement follows from the fact that when Pu = and s < 
the norm ||u|| 1+s is equivalent near 8Qt to the norm ||u||i )S (c.f. [E2]). Here 
is the Sobolev norm of order p in all variables and of order s in (y', t). 

Denote by E(x,t,y,r) the forward Green function for the domain Q £ . 
More precisely E(x,t,y,r) satisfies 

PE = 8{x — y)S(t — r), (x, t) g Q £ x (—00, 00), (y, t) G Q £ x (—00, +00), 
E = for t <t, 

E = when (x, t) G dVt £ x (— 00, +00), (y, r) G Q £ x (— 00, +00). 

The existence of t, y, r) follows from the Hadamard construction (see 
[H]) and the Lemma [3.51 

Denote by E the operator with the kernel E(x,t,y,r). Let D £ = (fl £ \ 
fi) x (0, T+5). Denote by K the closure of Eip, VV G C£°(D £ ), in the norm of 

o 

Hti^r), s < 0. Let K ± cHZ 8 (Q, x (0, T)) be the "orthogonal" complement 
to K, i.e. (/, g) — for all / G if iff g G if . Here (/, g) is the extension of 

o 

the L 2 scalar product in Cl x (0, T) and HZ S (f2 x (0, T)) consists of functions 
that belong to H_ s (R n x (0,+oo)) after being extended by zero for t > T 

and for x G" £1. Note that (/, g) = (lf,g + ) where If G ii s (R n x (—00, +00)) 
and g + G ii_ s (R™ x (—00, +00)) are arbitrary extensions of / and g such 

that g + = for x G~ Q,g + = fo r t > T, If = for t < 0. Let g G K 1 - be 
arbitrary and let w(y,r) = E*g + or, formally: 



w(y, T )= / E(x,t,y,T)g+(x,t)dxdt. 

We have (-EV, <?+) = (<f, E*g + ) = for any ip G C£°(D £ ). Therefore w(y, r) = 
for (y, r) G D £ , w(y,r) is the solution of the initial-boundary value problem 



, 3 ca P*w = g+(y,r), {y, r) G (Q e X (0, +00)), 

u>(j/,t) = for r > T, y G f2 e , w| 9 n e x(o,+oo) = 0, 

and £7(x, t, y, r) is the Schwartz kernel of the solution operator to ([3.9)1 . Here 
P* is the adjoint to P. 

It follows from Lemma 13.51 that w G Hi_ s (Q £ x (O.+oo)), w = for 
t > T, w = 0onffl e x (0, +00) and j^^o^) G H_ s (d{l £ x (0, +00)). 

Since w(y,r) = in D E and g + = in (Q E \ f2) x (0, +00) we get by the 
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uniqueness of the Cauchy problem (see [T]) that w = in (fi e \0) x (5, +00). 
Therefore w and ^ are zero on (dQ, \ 7) X (<5, +00). Take any u G ff^^fir) 
that satisfies (|3.7|) . We have (u,g + ) = (u,P*w). Using the Green's formula 
in Q x (—00, 00) we get (it, g + ) = (Pu, w) = 0, i.e. u G K. □ 
Now we shall prove Lemma f3. 31 

Let Vi, i = 1,2, be smooth solutions of L^Vi = in Hj x (— 00, T — 
5), vi = for t < 5 and such that Vi = f on x (—00, T — £), supp / C 
r\ x (— 00, T — 5). Extend / smoothly from dQi x (— 00, T — 5) to <9f2j x 
(— 00, T ), supp / C Ti x (— 00, T ). Then extend Vi in i\ To as solutions of 
L» v . = 0, Vi = f on <9fi i>To . We shall show that Ai/ = A 2 / on T 1 x (5, T - 
5) . By Lemma 13.41 there exists a sequence of smooth functions w n \ in fig 
satisfying LP^w n \ = such that \\v± — w n i\\ a — > when n — > 00. Here || || s 
is the norm in iT^fii^J. Denote /„ = w n x\ aQ (i) G H* + i(dtVj?) . Note that 

supp / n C r ,T - By Lemma 13*31 there exists w n2 G i? 4 , i(f%.) such that 

L^w n2 = in fig, w n2 = /„ on 9fig, /„ = on 7 g } . Since A« = A (2) on 
r 0j T we have A^'fn = f n on T 0jTo . Since iP-' = in B the uniqueness 
of the Cauchy problem (see [T]) implies that w n \ = w n 2 and = on 
l'i x (-00, T -5). 

It follows from LP)w n \ = and w n \ G H+(£Ii } t ) that w n i G -^^-2 near 
dfi liTo (c.f. [E2]). Therefore w nl \ aQhTo = f nl G tf s _i (<9fi 1)T J, ^ | a n 1]To = 
g nl G H+(d£l ltT ) and ||/ nl - /||, 1 + ||^ nl - a -^\\ s \ < C\\w nl - v x \\ s - 

2 2 2 

when n — > 00. Denote 

dvi . _ _ . dw w2 , 

^ ldC;x(<5,T-<5) — 9ij 1 — Jn2 — W n2 \dn 2 x(0,T-S) ! #™2 — ^ I df2 2 x (0,T-<5) ■ 

Since /„i = / n2 on Ti x (0,T — 5) we have that ||/ n2 — /||'_i — > when 

S 2 

n — > oo where || ||' s means the norm in H+(dQ 2t T-s)- Therefore applying 
Lemma E31 to v 2 - w n2 we get that \\g 2 - fell' a < C||/ n2 - /||' , -> 

4 2 2 

when n — >■ oo. Since g n i = g n2 on Ti x (0,T — 5) we get that g% = g 2 on 
r 1 x(,5,T-5). □ 
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